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\S 1. Triple L- unction
$7\mathrm{k}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e}$ L-function Real place
$\mathbb{Q}$ – A $\mathbb{Q}$ adele ring $\psi$ $\mathbb{Q}\backslash \mathrm{A}$
additive character $\psi_{\infty}(x)=\exp(2\pi\sqrt{-1}x)$ $\pi_{i},$ $(i=1,2,3)$
$\mathrm{G}\mathrm{L}_{2}(\mathrm{A})$ cuspidal automorphic representation cusp fonn $\varphi_{i}$
$\Pi=\pi_{1}\cross\pi 2^{\cross\pi_{2}}$ $\pi_{i}$ centr] character
$\omega$: $\omega=\omega_{1}\omega_{2}\omega_{3}$ Bad prime $S$ level
$p\not\in S$ $\pi_{i,p}$ Satake parameter’
$A_{i_{\mathrm{P}}},\in \mathrm{G}\mathrm{L}2^{\cdot}(\mathbb{C})=\iota_{\mathrm{G}\mathrm{L}_{2}}$
Riple $L_{-}$-function $P$ local factor
$L_{\mathrm{P}}(s, \Pi)=L_{\mathrm{P}}(S,\pi_{1},p2\cross\pi,\mathrm{X}\pi 3p\sim’ p)$
$=\det(1_{8}-A_{1_{\mathrm{P}}},\otimes A_{2,p}\otimes A_{3,p}\cdot p-s)-1$
$H,$ $P,$ $M,$ $G$
$H=\mathrm{G}\mathrm{S}\mathrm{p}_{3}=\{g\in \mathrm{G}\mathrm{L}_{6}|gt_{g=}m(g),m(g)\in \mathrm{G}\mathrm{L}_{1}\}$ ,
$P=\{$ ( ${}^{t}A^{-1}*)\in H,m\in \mathrm{G}\mathrm{L}_{1},$ $A\in \mathrm{G}\mathrm{L}_{3}\}$ ,
$M=\{\in H,$ $in\in \mathrm{G}\mathrm{L}_{1},$ $A\in \mathrm{G}\mathrm{L}_{3}\}$ ,
$G=\{g=(g,g,g^{(3)})(1)\langle 2)\in \mathrm{G}\mathrm{L}_{2^{3}}.|\det g(1)=\det g^{()}2=\det g^{(3)}\}$ .
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$G$ $H$ diagonal embeddin$\mathrm{g}$ $\iota$ $K$ $H(\mathrm{A})$ standard
ma> \sim al compact subgoup $s\in \mathbb{C}$ $I(\omega, s)$
$I(\omega,s)=\{f$ : $H( \mathrm{A})arrow \mathbb{C}|f(ph)=\omega(m\det A)|m|^{3}S+\frac{3}{2}|\det A|^{2_{S}},+1f(h)$,
$p=$ ( ${}^{t}A^{-1}*)\in P(\mathrm{A}),$ $h\in H(\mathrm{A})\}$
$f^{(s)}(h)$ $\mathbb{C}\mathrm{x}H(\mathrm{A})$ $s\in \mathbb{C}$ $f^{(s)}\in I(\omega, s)$
$f^{(\epsilon)}$ $K$ $s$ depend $f^{(s)}$
Eisenstein series $E(h;f^{\mathrm{t}\delta)})$
$E(h;f^{(} \epsilon))=\sum_{\in\gamma P\backslash H}f(s)(\gamma h)$
$E(h;f^{()}\epsilon.)$ ${\rm Re}(s)>>0$ $\mathrm{s}$
$\varphi=\varphi_{1^{\cross}}\varphi 2\mathrm{X}\varphi 3$ $G(\mathrm{A})$
$\int_{c(\mathbb{Q})Z(}\mathrm{A})\backslash G(\mathrm{A}))E(\iota(g);f^{(}s))\varphi(gdg$
$Z\simeq \mathrm{G}\mathrm{L}_{1}$ $G$ center $\varphi_{i}$ Fourier
Whittaker $W_{\dot{l}}$
$W \dot{.}(g)=\int_{\mathbb{Q}\backslash \mathrm{A}}\varphi_{\dot{l}}(g)\psi(-x)dx$.
$f^{(s)}$ , decomposable :
$f^{(s)}=\square vf_{v}^{(s})$ , $W_{i}= \prod_{v}W_{i,v}$ .
$\varphi$ $W=W_{1}\mathrm{X}W_{2}\mathrm{x}W_{3}$ local integral
:




















\S 2. Local theory
Bad prhne $v\in S$ local factor $L_{v}(s, \Pi)$ epsilon factor $\epsilon(s, \Pi,\psi)$
$\mathbb{Q}_{v}$ $I(\omega,s)$
$M_{w}$ (1) (4)
(1) $v=p$ ffiite $L_{v}(s,\Pi)^{-1}$ 1 $p^{-S}$
(2) $\epsilon(s, \Pi, \psi)$ $cq^{s},$ $c,$ $q\in \mathbb{C}$
(3) $v$ $\dot{\mathrm{i}}$finite $L_{v}(s, \Pi)$ $s$ exponential function gamma function
(4) local functional equation
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Normalized intertwining operator $M_{w}^{*}k$
$M_{w}^{*}=\epsilon’(2S-2,\omega,\psi)\xi’(4S-3,\omega^{2},\psi)\cdot M_{w}$
$\epsilon’(_{S},\omega,\psi)=\xi(S,\omega, \psi)\frac{L(1-s,\omega^{-1})}{L(s,\omega)}$
$H\cross \mathbb{C}$ $f^{(s)}(h)$ $I(\omega, s)$ good section
(1) $h\in H$ $f^{(s)}$ $s$ meromorphic function. $v$ finite
$\mathbb{C}[q^{s}, q^{-}’]$
(2) $s\in \mathbb{C}$ $f^{(s)}\in I(\omega, s)$ .
(3) $f^{(s)}(h)$ right K-finite.
(4) $L(2s+1,\omega)^{-1}L(4S,\omega)2-1f^{()}S\}$ $s$ holomorphic.
(5) $L(3-2s,\omega-1)-1L(4-4S,\omega-2)^{-1}M_{w}f(s)$ $s$ holomorphic.
$f^{(s)}$ $I(\omega, s)$ good section $M_{w}^{*}(f^{(}s))$ $I(\omega^{-1},1-s)$
good section $K$
^ $s$ depend $f^{(s)}$ good section
$\omega$ $\psi$ order $0$ $f_{0}^{(_{S)}}$ $K$ $L(2s+1, \omega)L(4s,\omega^{2})$
$\mathrm{K}$-ffioed vector $f_{0}^{(_{S)}}$ good section $M_{w}^{*}f^{(s)}=f^{(1-S}$ )
$\Psi(f^{(\epsilon)}, W)=\int_{\mathbb{Q}_{v}^{\mathrm{x}}N_{0}}\backslash Gdf^{(\epsilon})(\eta_{0^{b())W(g)}}gg$
$\Psi(f^{(s)}, W)$ ${\rm Re}\gg 0$ $v\not\in S$ $\Psi(f_{0^{\epsilon}’ \mathit{0}}^{()}W)=$
$\det(1_{8^{-}}A1\otimes A_{2}\otimes A3^{\cdot}q-S)^{-1}$ $\Pi$ class 1Whittaker
function
(1) (3) meromorphic function $l(s, \Pi)$
$k$ non-archimedean $\iota(s, \Pi)^{-1}\in \mathbb{C}[q^{-s}]$
1
(1) $I(\omega, s)$ good section $f^{(s)}$ $\Pi$ Whittaker function $W$
$\iota(s, \Pi)-1\Psi(f^{()}\mathit{8}, W)$ holomorphic.
(2) $l^{j}(S)$ $l(s, \Pi)\iota’(S)-1$ holomorphic.
(3) $\Pi$ class 1 $\iota(s, \Pi)=\det(1_{8}-A_{1}\otimes A_{2}\otimes A_{3}\cdot q^{-s})-1$
$\overline{W}_{i}(g)=\omega^{-1}(i\det g)W_{i}(\mathit{9}),\tilde{W}=\tilde{W}_{1}\cross$ $\cross\overline{W}_{3}$ entire
function $e(s, \Pi, \psi)$ local functional equation
$\frac{\Psi(M_{w}^{*}f^{(_{S})},\overline{W})}{l(1-s,\Pi)-}=e(s, \Pi,\psi)\frac{\Psi(f^{(\theta)},W)}{l(s,\Pi)}$
154
$v=p$ finite . $e(s, \Pi, \psi)=ap^{\mathrm{c}s},$ $a\in \mathbb{C}^{\mathrm{x}},$ $c\in \mathbb{Z}$
$v$ ute local factor $L(s, \Pi)$ $l(s, \Pi)$ epsilon factor $\epsilon(s, \Pi, \psi)$
$e(s, \Pi, \psi)$
$\pi_{1},$ $\pi_{2},$ $\pi_{3}$ supercuspidal 2 $L$-factor $\epsilon$-factor
$\pi_{1},$ $\pi_{2},$ $\pi_{3}$ Langlands parameter Afactor $\epsilon$-factor –
$v$ archimedean $\Pi$ Langlands Parameter .
$\Gamma$ factor $l(s, \Pi)\}$ invertible function –
\S 3 Real holomorphic case
triple L–function
local integral $\Psi(f^{(s)};W)$ explicit $v$
$\pi_{v}:$, holomorphic cusp form
$\mathrm{R}$
$v$
$\kappa=(\kappa_{1}, \kappa_{2}, \kappa 3)\in \mathbb{Z}^{3},$ $\kappa_{1}\geq\kappa_{2}\geq\kappa_{3}$
$\pi$. (1) (2) $\mathrm{G}\mathrm{L}_{2}(\mathrm{R})$
(1) $\pi_{i}$ $\mathrm{S}\mathrm{L}_{2}(\mathrm{R})$ $D_{\kappa}^{+}\dot{.}\oplus D_{\kappa}^{-}\dot{.}$
(2) $\pi$: central character $\omega:(x)$ { $|x|^{1-}\kappa:\mathrm{g}\mathrm{S}\mathrm{n}(x)^{\kappa:}$
$\omega(x)=\omega_{1}(X)\omega_{2}(X)\omega 3(x)$ 4
$\kappa_{1}<\kappa_{2}+\kappa_{3},$ $\kappa_{2}\equiv\kappa_{3}$ mod 2 (Case DE “definite even”)
$\kappa_{1}\geq\kappa_{2}+\kappa_{3},$ $\kappa_{2}\equiv\kappa_{3}$ mod 2 (Case IE “indefinite even”)
$\kappa_{1}<\kappa_{2}+\kappa_{3},$ $\kappa_{2}\equiv\kappa_{3}+1$ mod 2 (Case DO “definite odd”)
$\kappa_{1}\geq\kappa_{2}+\kappa_{3},$ $\kappa_{2}\equiv\kappa_{3}+1$ mod 2 (Case IO “indefinite odd”)
$\Pi$ Langlands parameter L-factor $L(s, \pi_{1}\cross\pi_{2}\cross\pi_{3})$ $\epsilon- \mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}\epsilon(s,$ $\pi_{1}\cross$
$\pi_{2}\mathrm{x}\pi_{3},$ $\psi)$
$L(s, \Pi)=\{$
$\Gamma_{\mathbb{C}}(s)\mathrm{r}\mathbb{C}(s-\kappa_{1}+1)\Gamma \mathbb{C}(s-\kappa_{2}+1)\Gamma \mathbb{C}(_{S}-\kappa_{3}+1)$ (Case D)
$\Gamma_{\mathbb{C}}(s)\Gamma \mathbb{C}(s-\kappa_{2}-\kappa_{3}+2)\mathrm{r}_{\mathrm{c}}(s-\kappa 2+1)\Gamma_{\mathbb{C}}(S-\kappa 3+1)$ (Case I)
$\epsilon(s, \Pi, \psi)=\{$




$g=$ ( ${}^{t}A^{-1}*$ )
$\phi$ $O(3)\backslash U(3)$ $\omega$-semi-spherical function $\phi$ $U(3)$ nite






$F^{(s)}$ normalized section (1), (2)
(1) $s\in \mathbb{C}$ $F^{(\epsilon)}\in I(\omega,S)$ .
(2) $F^{(\epsilon)}$ $L(2s+1,\omega)L(4S,\omega^{2})P(s)f_{\phi}^{(_{S)}},$ $P(s)\in \mathbb{C}(s)$
. . .
:. $F^{(\epsilon)}$ $I(\omega,s)$ nonnmlized section $M_{w}^{*}F^{\mathrm{t}s}$) $I(\omega^{-1},1-s)$
normalized section
$\lambda=(\lambda_{1}, \lambda_{2}, \lambda 3)\in \mathbb{Z}^{3},$ $\lambda_{1}\equiv\lambda_{2}\equiv\lambda_{3}$ mod 2, $\lambda_{1}+\lambda_{2}+\lambda_{3}=\kappa_{1}+\kappa_{2}+\kappa_{3},$ $\lambda_{1}\geq\lambda_{2}\geq\lambda_{3}$
$d_{\lambda}(S)=2^{2\mathit{8}}-\kappa 1-\kappa 2-\kappa_{3+3}\Gamma_{\mathrm{R}}(2S-\kappa 1-\kappa_{2}-\kappa_{3}+3+|\lambda_{1}+1|)$
$\cross\Gamma_{\mathrm{R}}(2_{S}-\kappa_{1}-\kappa 2-\kappa 3+3+|\lambda 2|)\Gamma_{\mathrm{R}}(2_{S}-\kappa 1 - \kappa_{2} - \kappa_{3}+3+|\lambda_{3}-1|)$ .
$\Gamma_{\mathrm{R}}(S)=\pi^{-}/2\mathrm{r}(sS/2)$. $d_{\lambda}(s)$ ${\rm Re}\geq(\kappa_{1}+.\kappa_{2}+\kappa_{3}-2)/2$ (
)
$\phi$ $U(3)- \mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}\tau_{\lambda}$ $\tau x$ Young diagram $\lambda$ $U(3)$
normalized intertwining operator $M_{w}^{*}$
$M_{w}^{*}(d_{\lambda(_{S)}}f^{\mathrm{t}}\phi)s)=\xi(\lambda)d_{\lambda}(1-s)f\emptyset(1-s)$
$\epsilon(\lambda)=\{$
1 $\lambda_{1}+\lambda_{2}+\lambda_{3}\equiv 1$ mod $2\not\in f-arrow\dagger \mathfrak{X}\lambda 1\lambda 3\leq 0$
$-1$ otherwise
normalized good section $\mathbb{C}[s]$
i : $F^{(s)}$ $I(\omega, s)$ normalized good section $\Pi$ Whittaker function $W$
$G$ compact subgroup $SO(2)^{3}$ ite
$\frac{\Psi(M_{w}^{*}F(s)\overline{W})}{L(1-s,\Pi)\sim},=\epsilon(s,\Pi,\psi)\frac{\Psi(f^{(\epsilon)},W)}{L(s,\Pi)}$
$s$
\mbox{\boldmath $\lambda$} $=(\lambda_{1}, \lambda_{2}, \lambda_{3})\in \mathbb{Z}^{3},$ $\mu,$ $\nu\in \mathbb{Z}$
$\lambda=\{$
$(\kappa_{1},\kappa_{1}, \kappa_{2}+\kappa_{3}-\kappa_{1})$ (Case E),





$u\in so(6)\mathrm{n}\mathrm{s}_{\mathrm{p}_{3()}}\mathrm{R}\simeq U(3)$ $\omega- \mathrm{s}\mathrm{e}\mathrm{m}\mathrm{i}_{\mathrm{S}}- \mathrm{p}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{a}1$ finction $H_{\lambda|\kappa}$ Case $\mathrm{E}$
$[\mu/2]$
$( \det u)^{\kappa 1}\sum_{i=0}\frac{2^{\mu-2_{\dot{l}}}\mu!(\mu+\nu)!}{i!(\mu-2i)!(\nu+i)!}\overline{H}_{3}^{\nu_{3}+}\dot{l}\overline{H}_{23^{-}}\mu 2i\overline{H}_{22}\dot{\iota}$
Case $\mathrm{O}$
$( \det u)^{\kappa-}111\mu/\sum i=02]\frac{2^{\mu-2i+1}\mu!(\mu+\nu)!}{i!(\mu-2i)!(\nu+i)!}H_{1}2\overline{H}_{33}^{\nu}+\dot{l}\overline{H}_{2}\mu-2i\overline{H}_{2}^{i}32$
$+( \det u)\kappa_{1}-1\sum_{=i0}^{1\mu}/2]\frac{2^{\mu-2i}\mu!(\mu+\nu)!}{i!(\mu-2i-1)!(\nu+i)!}H_{11}\overline{H}_{1}3\overline{H}\nu_{3}+i\overline{H}_{23}^{\mu-}\overline{H}_{2}^{\dot{l}}232:-1$.
$+( \det u)\kappa 1-11.\cdot\sum^{\mu}=0/21.\frac{2^{\mu^{-2i+}1}\mu!(\mu+\nu)!}{(i-1)!(.\mu-2i)!(\nu+i)!}H_{1}1\overline{H}12\overline{H}_{33}\nu+\dot{l}\overline{H}^{\mu}3^{-}22i\overline{H}^{i1}24--$
$u\in U(3)\text{ }$ $H_{ij}\#^{J}\dot{\mathrm{h}}\iota_{uu}\text{ }ij$ $\overline{H}_{i\mathrm{j}}$ }$\mathrm{h}H_{ij}$
$H_{\lambda|\kappa}$ $U(3)$-type $\tau_{\lambda}$ weight $\kappa$ $\phi=H_{\lambda \mathrm{I}^{\kappa}}$ $f_{\phi}^{(\epsilon)}$ $f_{\lambda|\kappa}^{\mathrm{t}s}$)
.
$\lambda$ $d_{\lambda}(s)$
$2^{1-\kappa_{1}}\pi-3\mathit{8}+\kappa 1+\kappa_{2}+\kappa_{3}-4\mathrm{r}(2s-\kappa 2 - \kappa_{3}+3)\Gamma(S-\kappa_{1}+1)$ (Case DE)
$21-\kappa 1\pi-3_{\mathit{8}+}2\kappa_{2}+2\kappa 3-5\Gamma(2_{S}-\kappa 2-\kappa \mathrm{s}+3)\Gamma(s-\kappa_{2} - \kappa_{3}+2)$ (Case $\mathrm{I}\mathrm{E}$ )
$2-\kappa_{1}\pi(2-3S+\kappa 2+\kappa \mathrm{s}^{-4}2_{S}-\kappa_{2}-\kappa \mathrm{s}+3)\mathrm{r}(2s-\kappa_{2}-\kappa_{3}+2)\Gamma(s-\kappa_{1}+1)$ (Case DO)
$22-\kappa_{1}\pi-3s+2\kappa_{2}+2\kappa_{3}-5(2s-\kappa_{2} - \kappa_{3}+3)\Gamma(2s-\kappa 2 - \kappa_{3}+2)\Gamma(S-\kappa_{2} - \kappa_{3}+2)$ (Case $\mathrm{I}\mathrm{O}$ )
$\pi_{i}$ weight $\kappa_{i}$ Whittaker $W_{i}$
$W_{i}=\{$
$2e^{-}a2\pi a\kappa:/2$ $a>0$ ,
$0$ $a<0$ .
$W(g_{1},g_{2,g_{3})(}=W1g_{1})W_{2(}g2)W3(g3)$ .
:Riple Afunction $d_{\lambda}(S)\Psi(f^{(_{S})}\lambda|\kappa’ W)$
$\{$
$2^{2-\kappa_{1}}(\sqrt{-1})^{\kappa_{1_{\frac{(2\kappa_{1}-\kappa 2-\kappa_{3})!}{(\kappa_{1}-\kappa_{3})!}}}}L(s,\Pi)$ (Case DE)
$2^{3-\kappa_{2}-} \hslash 3(\sqrt{-1})^{\kappa}1\frac{(2\kappa_{1}-\kappa 2-\kappa \mathrm{s})!}{(\kappa_{1}-\kappa s)!}L(S, \Pi)$ (Case $\mathrm{I}\mathrm{E}$)
$2^{4-\kappa_{1}}(\sqrt{-1})\kappa_{1}+1_{\frac{\mathrm{t}2\kappa_{1}-\kappa 2-\kappa_{3}-1)!}{-\langle\kappa_{1}-\kappa\epsilon-1)!}}L(s, \Pi)$ (Case DO)
$2^{5-}-\kappa 2\kappa 3(\sqrt{-1})\kappa_{1}+1_{\frac{(2\kappa_{1}-\kappa_{2}-\kappa 3-1)!}{(\kappa_{1}-\kappa\epsilon-1)!}}L(s, \Pi)$ $(\mathrm{c}_{\mathrm{a}} \mathrm{I}\mathrm{O})$
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Lemma.
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